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1. Model

A computational problem consists of a collection of instances; each instance I is associated with
a set of admissible solutions AdmI ; and each admissible solution S is associated with a cost
Cost(S).

Example 1 (Sudoku). This is the popular number game.
An instance consists of a 9 × 9 rectangular grid in which some of the entries are empty and
some contain an integer from {1, 2, . . . , 9}.
An admissible solution assigns to each empty entry an integer from {1, 2, . . . , 9} so that all
entries in the same row, column or 3× 3 sub-grid are different.
All admissible solutions have the same cost.

Example 2 (Vertex Cover). This is a classical graph problem.
An instance consists of a graph G = (V,E) and integer k ≥ 0. An admissible solution is a
subset V ′ of the vertices of cardinality k such that for each edge (u, v) ∈ E, at least one of u
and v belongs to V ′. For this problem, an admissible solution is also called a k-vertex cover.
All admissible solutions have the same cost.

Example 3 (Weighted Vertex Cover). An instance consists of a graph G = (V,E) and a
weight functions w : V → N.
An admissible solution is a subset V ′ of the vertices such that for each edge (u, v) ∈ E, at least
one of u and v belongs to V ′. For this problem, an admissible solution is also called a vertex
cover.
The cost of admissible solution V ′ is defined as Cost(V ′) =

∑
v∈V ′ w(v).
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2. Exhaustive Search

We first consider the problem of searching for an admissible solution, we will then consider the
problem of searching for a solution of minimum cost.
We assume that the admissible solutions for an instance I belong to a subset of elements SI
that is easy to enumerate and that it is possible to test efficiently if an elements s ∈ SI is an
admissible solution for I. In other words, we make the following assumptions:

(1) for every I, AdmI ⊆ SI ;
(2) there exists an efficient algorithm enumerateSI that, on input instance I, enumerates

SI ;
(3) there exists an efficient algorithm isAdmissible that, for every S ∈ SI , decides whether

S is an admissible solution for I;

and describe the following meta-algorithm

Algorithm 1 The Exhaustive Search Meta Algorithm

ExhaustiveSearch(I)

1: for every S ∈ enumerateSI(I) do
2: if isAdmissible(I, S) then
3: return S
4: return ∅

For example, for Sudoku an admissible solution is a sequence of 81 integers and testing if such
a sequence is admissible involves checking if there is a repeated digit in each row, column
or sub-grid. For vertex cover, an admissible solution is a set of k vertices and testing if it
constitutes a vertex cover is very efficient.
The exhaustive search algorithm, in input instance I, enumerates all elements of s ∈ SI and
for each of them it tests whether it is an admissible solution: if it is, the exhaustive search
algorithm returns s; otherwise it moves to the next element of SI . In the worst case all elements
of SI must be enumerated before an admissible solution is found.
Thus, for an instance I of the Sudoku problem |SI | = 981 and

981 = 196627050475552913618075908526912116283103450944214766927315415537966391196809.

If your computer can check 4·109 solutions per second (for example, your CPUs have cumulative
frequency of 4 GHz), the running time is

981/(4 · 109) ≥ 49156762618888228404518977131728029070775862736053691731828853884491

seconds and, since one year has 31536000 seconds, it will take 24277016742770 years.
For an instance I = (G, k) of vertex cover,

|SI | =
(n
k
)

which is acceptable for small k. For example for k = 3, the algorithm takes time O(n3). The
algorithm becomes extremely slow for very large k.
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3. Backtrack

In this section, we describe a general methodology for designing algorithms for searching for an
admissible solution that might be faster than the corresponding exhaustive search algorithm.
We assume that the set SI consists of sequences of elements (and thus an element of SI can
be constructed one element at the time) and it is possible to check if a subsequence can be
extended into an admissible solution.
More precisely, we make the following two additional assumptions

(1) for every instance I, there exists a set Σ that can be efficiently enumerated and an
integer ` such that AdmI ⊆ Σ`; we call sequences S ∈ Σ`, complete sequences; instead
sequences P ∈ (Σ ∪ {⊥})` in which some entries are unspecified (that is, equal to ⊥)
are called partial sequences. We say that complete sequence S is derived from partial
sequence P if for all i such that Pi 6= ⊥ we have Si = Pi;

(2) there exists an efficient algorithm NotExtendible such that for I and every partial se-
quence P ∈ (Σ∪{⊥})` returns FALSE or TRUE. In addition, if NotExtendible(I, P )=TRUE

then for all complete S that can be derived from P , we have that S 6∈ AdmI .
Notice that if NotExtendible(I, P )=FALSE then it might still be the case that no

admissible solution can be derived from P .
(3) for every partial sequence P and for every i such that Pi = ⊥, there exists a subset

Γ(i, P ) ⊆ Σ such that if for all γ ∈ Γ there exists no admissible solution that can be
derived from P by setting Pi = γ, then no admissible solution can be derived from P .

and describe the following meta-algorithm

Algorithm 2 The BackTrack Meta Algorithm

BackTrack(I, P )

1: if P is complete then
2: if isAdmissible(I, P ) then
3: return P
4: else
5: return ∅
6: if NotExtendible(I, P ) then
7: return ∅
8: let i be such that Pi = ⊥
9: for every γ ∈ Γ(i, P ) do

10: let S be the sequence obtained by setting Pi = γ
11: R = BackTrack(I, S)
12: if isAdmissible(I,R) then
13: return R
14: return ∅

Theorem 4 (BackTrack Completeness). Under the assumptions above, if AdmI 6= ∅, algorithm
BackTrack(I, (⊥, . . . ,⊥)) returns an admissible solution.
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We observe that if algorithm NotExtendible always returns FALSE and, for all partial sequences
P , Γ = Σ then the assumptions of Theorem 4 are satisfied and we re-obtain the Exhaustive
Search Algorithm.
Also notice that more efficient BackTrack algorithms can be obtained by carefully picking the
next empty position i to be filled and by ordering the values in Γ(i, P ).

3.1. Backtrack for Sudoku. To apply the BackTrack methodology to the Sudoku problem
we need to specify the following:

(1) ` = 81 and Σ = {1, . . . , 9};
(2) algorithm NotExtendible takes a partial sequence P = (P1, . . . , P81) and returns TRUE

if there are two entries Pi and Pj such that Pi = Pj and Pi, Pj 6= ⊥ that belong to the
same column, or to the same row or two the same 3× 3 sub-grid.

(3) for all partial sequences P , Γ = {1, . . . , 9}.

3.2. Backtrack for Vertex Cover. We start with the following two observations (see Lemma
10.1, 10.2 and 10.3 in KT).

Lemma 5. Let G be a graph with n vertices and m edges. If k ·n < m then G has no k-vertex
cover.

Lemma 6. Let G be a graph and let (u, v) be one of its edges. Then G has k-vertex cover iff
at least one of the two holds:

(1) the graph G′ that is obtained from G by removing vertex u and all its incident edges
has a (k − 1)-vertex cover;

(2) the graph G′ that is obtained from G by removing vertex v and all its incident edges
has a (k − 1)-vertex cover.

We apply the BackTrack methodology with the following settings:

(1) ` = k and Σ = V ;
(2) algorithm NotExtendible takes a partial sequence P and sets m′ equal to the number

of still uncovered edges and k′ equal to the number of unspecified vertices in P and
returns TRUE if m′ > k′ · n.

Notice that by Lemma 5, we satisfy Assumption 2 of Theorem 4.
(3) for partial sequence P , we take an uncovered edge (u, v) and set Γ = {u, v}.

Notice that by Lemma 6, we satisfy Assumption 3 of Theorem 4.

and obtain the following theorem (see Theorem 10.4 of KT)

Theorem 7. Algorithm BackTrack for Vertex Cover takes time n · k · 2k.

4. Branch and Bound

So far we have only discussed search problems; that is, problems in which one looks for any
admissible solution. In this section we extend the BackTrack meta-algorithm to optimization
problems; these are the problems in which admissible solutions have costs and we look for an
admissible solution of minimum cost.
The key is to extend the NotExtendible procedure (that essentially says if all derived complete
solution are non-admissible; that is, have infinite cost) to a procedure LBound that returns a
lower bound to the cost of derived complete solutions. More precisely, given an instance I and
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a partial solution P if LBound(I, P ) = c then all complete admissible solutions S that can be
derived from P have cost Cost(S) ≥ c. Therefore if we denote by cmin the minimum cost of a
solution found so far (initially, cmin = +∞) then we do not have to expand partial solutions
P for which LBound(I, P ) ≥ cmin.

Algorithm 3 The BranchandBound Meta Algorithm

BranchandBound(I, P )

1: if P is complete then
2: if isAdmissible(I, P ) and Cost(P ) ≤ cmin then
3: cmin = Cost(P )
4: return
5: if LBound(I, P ) < cmin then
6: let i be such that Pi = ⊥
7: for every σ ∈ Σ do
8: let S be the sequence obtained by setting Pi = σ
9: BranchandBound(I, S)

4.1. BranchandBound for Weighted Vertex Cover. Let us instantiate the Branchand-
Bound meta algorithm for the weighted vertex cover problem. For a graph with n vertices, we
represent a partial solution P by a sequence 〈p1, . . . , pn〉 where pi ∈ {0, 1,⊥} with the following
meaning

pi = 0 vertex i is not in the partial vertex cover

pi = 1 vertex i is in the partial vertex cover

pi =⊥ vertex i has not been considered yet

If P is a partial solution then we define LBound(I, P ) has the sum of all vertices in the partial
vertex cover added with the minimum weight vertex from among those that have not been
considered yet. That is

LBound(I, P ) =
∑
i:pi=1

wi + min
i:pi=⊥

wi.
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